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We examine the problem of whether a multipartite pure quantum state can be uniquely determined by its
reduced density matrices. We show that a generic pure state in three party Hilbert spaceHA ⊗HB ⊗HC, where
dim(HA) = 2 and dim(HB) = dim(HC), can be uniquely determined by its reduced states on subsystems
HA ⊗HB andHA ⊗HC. Then we generalize the conclusion to the case that dim(H1) > 2. As a corollary, we
show that a generic N-qudit pure quantum state is uniquely determined by only 2 of its ⌈ N+12 ⌉-particle reduced
density matrices. Furthermore, our results do indicate a method to uniquely determine a generic N-qudit pure
state of dimension D = dN with only O(D) local measurements, which is an improvement comparing to the
previous known approach using O(D log2 D) or O(D log D) local measurements.
I. INTRODUCTION
The task of reconstructing the state of a quantum system by
physical measurements, known as quantum state tomography
(QST) [1], is of great importance in quantum information sci-
ence, such as validating quantum devices and benchmarking
[2–6]. However, for an N-qudit system, the dimension of the
state space and, indeed, the number of local measurements for
QST, grow exponentially as N increases. This is a fundamen-
tal difficulty in performing QST on many-body system. In the
past decade, tremendous effort has been devoted to boost the
efficiency of QST [7–14] under different situations.
Naive full tomography, as literally, need D2 measurements,
where D = dN is the dimension of the N-qudit system (d is
the dimension of the qudit). For pure states or density oper-
ators with low rank, reduced density matrices (RDMs) may
contain information to characterize the global system[15, 16],
thus a more promising approach for QST can be implemented
as follows: acquiring a set of RDMs by local measurements,
then applying post-processing algorithm to reconstruct the
state [17–23]. Usually, we have no knowledge about the sys-
tem before measurements. Therefore, to adopt this approach,
one important criterion must be satisfied, that is, given results
of chosen local measurements, the original state should be
Uniquely Determined among All states (UDA). It was first
proved in [17] that a generic three-qubit pure state is UDA
by its two-body RDMs. [20] provided a more general result,
showing that a generic N-qudit pure quantum state is UDA by
its
(
⌈N2 ⌉+ 1
)
-body RDMs. [20] also proved that ⌊N2 ⌋-body
RDMs are not sufficient for uniquely determining a generic
N-qudit pure state. However, a gap appears when N is odd:
whether N+12 -qudit RDMs are sufficient to uniquely deter-
mine a generic pure state or not remains open. [23] proved
that a generic 3-qudit pure state can be uniquely determined
by its 2-qudit RDMs. Hence it is natural to conjecture that for
every odd N ≥ 3, N+12 -qudit RDMs are sufficient to uniquely
determine a generic pure state. In this paper, the conjecture is
proved correct and thus the gap is filled.
Furthermore, we hope the set of local measurements to
be as small as possible. [9] gave a protocol to recon-
struct low rank r density matrices of N-qubit system using
O(rD log2 D) Pauli measurements (D = 2N). In particular,
when the original state is pure, i.e., r = 1, O(D log2 D) Pauli
measurements are needed. [20] provided an approach using
⌊N2 ⌋
(
⌈N2 ⌉+ 1
)
-qudit RDMs and hence O(D log D) (D =
dN) local measurements to uniquely determine a generic N-
qudit pure state. However, a simple parameter counting ar-
gument suggests that O(D) measurements could be possibly
sufficient for uniquely determining an N-qudit pure state. In
this paper, we provide a valid scheme to uniquely determine a
generic N-qudit pure state, using only O(D) local measure-
ments.
This paper is organized as follows. In the beginning,
we consider a three body system HA ⊗ HB ⊗ HC, where
dim (HB) = dim (HC). We show in section II that when
dim (HA) = 2, a generic pure state is equivalent to a ‘tri-
angular state’ under local unitary transformations. In sec-
tion III, we prove that almost all triangular states can be
uniquely determined by its RDMs on subsystems HA ⊗HB
and HA ⊗HC. The remaining proof is in section IV, which
complete the proof by claiming that, the set of states that can
not be transformed into a triangular form, or those not UDA
via its RDMs on subsystems HA ⊗HB and HA ⊗HC, has
measure zero.
II. TRIANGULAR FORM FOR STATES IN C2 ⊗Cd ⊗Cd
Before showing that a generic state is UDA by its RDMs,
we have a crucial observation that unique determinability is
invariant under local unitary (LU) transformations. Thus we
can focus on those states in canonical form under LU trans-
formations. To be more precise, we introduce several notation
and concepts, which will be used in later discussion:
Definition 1. Let |ψ〉, |ψ′〉 ∈ CdA ⊗ CdB ⊗ CdC be two state
vectors. Say |ψ〉 and |ψ′〉 are LU-equivalent, if and only if
there exist unitary operators U1 ∈ U(dA), U2 ∈ U(dB),
2U3 ∈ U(dC) such that
|ψ′〉 = (U1 ⊗U2 ⊗U3) |ψ〉. (2.1)
Definition 2. Let ρ, ρ′ ∈ L
(
CdA ⊗CdB ⊗ CdC
)
be two self-
adjoint operators. Say ρ and ρ′ are equivalent (denoted by
ρ ≃ ρ′), if and only if their reduced density matrices (RDM)
satisfy
TrB(ρ) = TrB(ρ
′), TrC(ρ) = TrC(ρ
′). (2.2)
Definition 3. Let |ψ〉 ∈ CdA ⊗ CdB ⊗ CdC be a vector. Say
|ψ〉 is UDA, if and only if for every positive semidefinite op-
erator ρ ∈ L
(
CdA ⊗ CdB ⊗CdC
)
, ρ ≃ |ψ〉〈ψ| implies
ρ = |ψ〉〈ψ|.
To see why our observation holds, we have the following
lemma:
Lemma 1. Let |ψ〉 ∈ CdA ⊗ CdB ⊗ CdC be a UDA
state, UA ∈ U(dA), UB ∈ U(dB) and UC ∈ U(dC)
be three unitary transformations. Then the state |ψ′〉 =
(UA ⊗UB ⊗UC) |ψ〉 is also UDA.
Proof. Suppose there exists another ρ′ 6= |ψ′〉〈ψ′| such that
ρ′ ≃ |ψ′〉〈ψ′|. Let ρ = (U†A ⊗ U
†
B ⊗ U
†
C)ρ
′(UA ⊗ UB ⊗
UC). We have TrC(ρ) =
(
U†A ⊗U
†
B
)
TrC(ρ
′) (UA ⊗UB) =
(U†A ⊗U
†
B) TrC(|ψ
′〉〈ψ′|)(UA ⊗UB) = TrC(|ψ〉〈ψ|). Sim-
ilarly, we have TrB(ρ) = TrB (|ψ〉〈ψ|), which contradicts to
the assumption that |ψ〉 is UDA.
It is well-known that for bipartite quantum system, the
canonical form is the so-called Schmidt decomposition [24].
For multipartite systems, generalized versions of Schmidt de-
composition and classifications of multipartite entanglement
have been deeply studied from various aspects [25, 26]. In
this paper, we mainly focus on the case of C2 ⊗ Cd ⊗ Cd
system. We will adopt the lemma used in [27] to study the
generalized Schmidt decomposition of C2 ⊗ Cd ⊗ Cd quan-
tum system. For sake of the readability, we include the proof
for self-contained reading.
Lemma 2 (Lemma 5, [27]). A generic 3-body state |ψ〉 ∈
C
2 ⊗Cd ⊗Cd, is LU-equivalent to a state
|φ〉 =
2
∑
i=1
d
∑
j=1
d
∑
k=1
φijk|i
A〉|jB〉|kC〉 (2.3)
such that
1. φijk = 0 when j > k,
2. φ1ij is real when j ≤ i + 1.
We call |φ〉 the triangular form of |ψ〉.
Consider the following linear isomorphism ϕ : C2 ⊗Cd ⊗
Cd → L(Cd)×L(Cd), such that
ϕ
(
|1A〉|iB〉|jC〉
)
=
(
|i〉〈j|, 0
)
,
ϕ
(
|2A〉|iB〉|jC〉
)
=
(
0, |i〉〈j|
)
. (2.4)
For a state |ψ〉 ∈ C2 ⊗ Cd ⊗ Cd and two unitary operator
U, V ∈ U(d) acting on the second and third subsystems re-
spectively. Assuming ϕ(|ψ〉) = (A, B), we have
ϕ
(
(IA ⊗U ⊗V) |ψ〉
)
=
(
UAV†, UBV†
)
. (2.5)
If UAV† and UBV† are both upper triangular matrices,
IA ⊗U ⊗ V|ψ〉 would be in the triangular form of |ψ〉. The
following proposition gives a method on how to find such U
and V, and it implies Lemma 2 directly.
Proposition 1. Let A, B ∈ L(Cd) be 2 linear operators, if
the polynomial det(A − xB) has degree d, then there exists
U, V ∈ U(d) such that (i) both UAV† and UBV† are upper
triangular matrices. (ii) 〈i|UAV†|j〉 is real when j ≤ i + 1.
Proof. When d = 1, the statement is trivial. Suppose the
statement holds when d = n − 1. Let A, B ∈ L(Cn)
be two linear operators such that the polynomial f (x) =
det (A− xB) has degree n. Let x1 ∈ C be one of the root
of f (x) = 0. Since det (A− x1B) = 0, ker (A− x1B) is
not empty.
Let |v〉 ∈ ker (A− x1B) be a normalized vector and de-
note |w〉 = B|v〉. We immediately have |w〉 6= 0, otherwise,
for every x ∈ C, we have (A − xB) |v〉 = (x1 − x)B|v〉 =
(x1 − x)|w〉 = 0, which implies that f (x) ≡ 0, contradic-
tion.
Let V1, W1 ∈ U(n) be arbitrary unitary operators such that
V1|v〉 = |1〉 and W1|w〉 ∈ span ({|1〉}) Then we have
W1 AV
†
1 |1〉 = αx1|1〉, W1BV
†
1 |1〉 = α|1〉
for some α ∈ C. Define P = ∑ni=2 |i〉〈i|, then we can define
2 operators A′, B′ ∈ L(Cn−1), such that
A′ = PW1 AV
†
1 P, B
′ = PW1BV
†
1 P.
It is easily to check that
det
[
W1(A− xB)V
†
1
]
= α(x1 − x)det
(
A′ − xB′
)
. (2.6)
Thus, the degree of the polynomial det (A′ − xB′) must be
n− 1.
By our assumption, there must exist U2, V2 ∈ U(n − 1)
such that both U2A
′V†2 and U2B
′V†2 are upper triangular ma-
trices. Suppose
〈1|U1AV
†
1 |2〉 = r1e
iθ1 , 〈1|U1AV
†
1 |1〉 = r2e
iθ2 ,
where r1, θ1, r2, θ2 ∈ R.
3Let
U =
(
e−iθ1 |1〉〈1|+ U2
)
U1,
V =
(
ei(θ1−θ2)|1〉〈1|+ V2
)
V1. (2.7)
It is easy to check that U, V satisfies the statement.
For a generic 3-body pure state |ψ〉 ∈ C2 ⊗ Cd ⊗ Cd, the
polynomial det(A − xB) is of degree d, where (A, B) =
ϕ(|ψ〉). By Proposition 1, simultaneous upper triangulation
of A and B can always be realized and thus Lemma 2 is
proved.
III. REGULAR TRIANGULAR VECTOR
For every state vector |ψ〉 ∈ C2 ⊗ Cd ⊗ Cd, its triangular
form |φ〉 lies in the manifold
Td ≡
{ 2
∑
i=1
d
∑
j=1
d
∑
k=1
φijk|i
A〉|jB〉|kC〉
∣∣∣∣
φijk = 0 when j > k, φ1jk ∈ R when k ≤ j + 1
}
.
Every vector |ψ〉 ∈ Td can be expanded in computational
basis as
|ψ〉 =
d
∑
i=1
d
∑
j=i
|ψAij 〉|i
B〉|jC〉, (3.1)
where |ψij〉 ∈ C
2 and do not have to be orthogonal to each
other. Now we consider a subset of Td, whose complement is
measure zero set:
Definition 4. We call |ψ〉 a regular triangular vector if |ψ〉
satisfies the following condition
1. ∀ 1 ≤ i ≤ j ≤ d, |ψAij 〉 6= 0,
2. ∀ 1 ≤ i ≤ j ≤ d, 1 ≤ k ≤ d, |ψAij 〉 ∈ span
({
|ψAkk〉
})
implies i = j = k.
Lemma 3. A generic state vector in Td is regular triangular.
Proof. For every 1 ≤ i ≤ j ≤ d and k ∈ [d], define
ηij ≡
{
|ψ〉 ∈ Td : |ψ
A
ij 〉 = 0
}
,
and
ξijk ≡
{
∅ i = j = k{
|ψ〉 ∈ Td : |ψ
A
ij 〉 ∈ span
(
{|ψAkk〉}
)}
otherwise
Obviously, ηij and ξijk are all measure-zero sets, and hence
the set
∆ ≡ {|ψ〉 : |ψ〉 is not regular triangular}
=

 ⋃
1≤i≤j≤d
ηij

⋃

 ⋃
1≤i≤j,k
ξijk


also has measure zero.
A. Regular Triangular Vector is UDA
Let
|ψ〉 =
d
∑
i=1
d
∑
j=1
|ψAij 〉|i
B〉|jC〉
be a vector in Td. Consider the projective measurement
{P1, P2} on the third subsystem, where
P1 = |d
C〉〈dC|, P2 = IC − |d
C〉〈dC|.
The vector
P2|ψ〉 =
d−1
∑
i=1
d−1
∑
j=i
|ψAij 〉|i
B〉|jC〉
lies in the manifold Td−1. If |ψ〉 is a regular triangular state
in Td, P2|ψ〉 is also a regular triangular vector. Moreover, the
following theorem holds:
Theorem 1. Let |ψ〉 ∈ Td be a regular triangular vector. For
every positive semidefinite operator ρ ≃ |ψ〉〈ψ|, we have
1. P1ρP1 = P1|ψ〉〈ψ|P1,
2. P2ρP2 ≃ P2|ψ〉〈ψ|P2.
Note that we have the following corollary of Theorem 1:
Corollary 1. All regular triangular vectors in Td are UDA.
Proof. The statement is trivial when d = 1. Suppose that all
regular triangular vectors in Td−1 are UDA. Consider an ar-
bitrary regular triangular vector |ψ〉 in Td. For every positive
semidefinite operator ρ ≃ |ψ〉〈ψ|, by Proposition 1, we have
P1ρP1 = P1|ψ〉〈ψ|P1, P2ρP2 ≃ P2|ψ〉〈ψ|P2. (3.2)
By our assumption that all regular triangular vectors in Td−1
are UDA, we have P2ρP2 = P2|ψ〉〈ψ|P2 since P2|ψ〉 is
a regular triangular vector. Therefore we can view ρ as
an unnormalized mixed state in the subspace spanned by
{P1|ψ〉, P2|ψ〉}, i.e., we can expand ρ as
ρ = P1|ψ〉〈ψ|P1 + P2|ψ〉〈ψ|P2
+ αP1|ψ〉〈ψ|P2 + α
∗P2|ψ〉〈ψ|P1. (3.3)
4Tracing out the second particle and doing further calcula-
tion on (3.3), we have
〈1C|TrB(ρ)|d
C〉 = α∗ TrB
(
〈1C|ψ〉〈ψ|dC〉
)
. (3.4)
On the other hand, by original assumption TrB(ρ) =
TrB(|ψ〉〈ψ|), we have
TrB(〈1
C|ρ|1C〉) = TrB
(
〈1C|ψ〉〈ψ|dC〉
)
6= 0. (3.5)
Comparing (3.4) and (3.5), we must have α = 1. Therefore
ρ = |ψ〉〈ψ|, i.e., |ψ〉 is UDA.
B. Proof of Theorem 1
Before proving Theorem 1, we introduce a useful observa-
tion at first:
Observation 1. Let HA and HB be two finite dimensional
Hilbert spaces, H ∈ L(HA ⊗HB) be a positive semi-definite
operator, and |n〉 ∈ HA be a normalized vector.
Case A. If 〈n|H|n〉 = |r〉〈r| for some non-zero vector |r〉 ∈
HB, then there exists a unique state |ϕ〉 ∈ HA ⊗HB
such that H|n〉 = |ϕ〉〈r| and H − |ϕ〉〈ϕ| ≥ 0.
Case B. If 〈n|H|n〉 = 0, then H|n〉 = 0.
Proof. If 〈n|H|n〉 = |r〉〈r| for some non-zero vector |r〉 ∈
HB, then for every |s〉 ∈ HB such that 〈s|r〉 = 0, we have
〈ns|H|ns〉 = 0 and thus H|ns〉 = 0. We have
H|n〉 = H|n〉
[
1
〈r|r〉
|r〉〈r|+
(
IB −
1
〈r|r〉
|r〉〈r|
)]
=
1
〈r|r〉
H|nr〉〈r|.
Define |ϕ〉 = 1
〈r|r〉
H|nr〉, then H|n〉 = |ϕ〉〈r|.
For every vector |ψ〉 ∈ HA ⊗HB, we have
〈ψ| (H − |ϕ〉〈ϕ|) |ψ〉
= 〈ψ|H|ψ〉 −
|〈ψ|H|nr〉|2
〈r|r〉2
=
〈ψ|H|ψ〉〈nr|H|nr〉 − |〈ψ|H|nr〉|2
〈r|r〉2
≥ 0. (3.6)
Note that the last step is given by Cauchy-Schwarz inequality.
Therefore H − |ϕ〉〈ϕ| ≥ 0.
If 〈n|H|n〉 = 0, then for every normalized state |b〉 ∈ HB
and |m〉 ∈ HA ⊗HB such that 〈m|nb〉 = 0, we must have
〈m|H|nb〉 = 0. Otherwise,
det
[
(|nb〉〈nb|+ |m〉〈m|) H (|nb〉〈nb|+ |m〉〈m|)
]
will be negative, which contradicts to the assumption that
H ≥ 0. Thus,
H|nb〉 = (IAB − |nb〉〈nb|) H|nb〉+ |nb〉〈nb|H|nb〉 = 0
for all |b〉, i.e., H|n〉 = 0.
As the first step to prove Theorem 1, we prove the following
proposition.
Proposition 2. 〈dB|ρ|dB〉 = |ψAdd〉〈ψ
A
dd| ⊗ |d
C〉〈dC|.
Proof. Define |ζi〉 ≡ ∑
d
j=i |ψ
A
ij 〉|j
C〉 and H = tr2(ρ) −
〈dB|ρ|dB〉. We first prove that H ≥ ∑d−1i=1 |ζi〉〈ζi|.
Suppose H ≥ ∑k−1i=1 |ζi〉〈ζi| for some 1 ≤ k < d. Let
H′ = H − ∑k−1i=1 |ζi〉〈ζi|. We have
H′ + 〈dB|ρ|dB〉 =
d
∑
i=k
|ζi〉〈ζi|.
Note that
〈kC|
(
H′ + 〈dB|ρ|dB〉
)
|kC〉 = |ψAkk〉〈ψ
A
kk|, (3.7)
since H′ ≥ 0, 〈dB|ρ|dB〉 ≥ 0, and |ψAkk〉〈ψ
A
kk| has rank 1,
there must exist α ≥ 0 such that
〈dBkC|ρ|dBkC〉 = α|ψAkk〉〈ψ
A
kk|.
However, notice that
d
∑
i=1
〈dBiC|ρ|dBiC〉 = |ψAdd〉〈ψ
A
dd|, (3.8)
there must exist β ≥ 0 such that
〈dBkC|ρ|dBkC〉 = β|ψAdd〉〈ψ
A
dd|.
Since |ψ〉 is regular triangular, for every k < d, we have
|ψAkk〉 /∈ span
({
|ψAdd〉
})
. Thus α = β = 0, i.e.,
〈dBkC|ρ|dBkC〉 = 0.
By Observation 1, 〈dB|ρ|dBkC〉 = 0, hence
H′|kC〉 =
( d
∑
i=k
|ζi〉〈ζi| − 〈d
B|ρ|dB〉
)
|kC〉 = |ζk〉〈ψ
A
kk|.
Moreover,
H′ − |ζk〉〈ζk| = H −
k
∑
i=1
|ζk〉〈ζk| ≥ 0.
Since H ≥ ∑k−1i=1 |ζi〉〈ζi| holds trivially when k = 1, we can
prove H ≥ ∑d−1i=1 |ζi〉〈ζi| by induction.
5Up to now, we have
〈dB|ρ|dB〉 =
d
∑
i=1
|ζi〉〈ζi| − H
≤ |ζd〉〈ζd| = |ψ
A
dd〉〈ψ
A
dd| ⊗ |d
C〉〈dC|.
Since
TrC
(
〈dB|ρ|dB〉
)
= |ψAdd〉〈ψ
A
dd|
= TrC
(
|ψAdd〉〈ψ
A
dd| ⊗ |d
C〉〈dC|
)
,
we must have
〈dB|ρ|dB〉 = |ψAdd〉〈ψ
A
dd| ⊗ |d
C〉〈dC|. (3.9)
By Proposition 2, we have
〈dBiC|ρ|dBiC〉 = δid|ψ
A
dd〉〈ψ
A
dd|.
By Observation 1, for every i < d, we have 〈iC|ρ|dBiC〉 = 0.
Therefore
〈dC|ρ|dBdC〉
=
(
TrC(ρ)−
d−1
∑
i=1
〈iC|ρ|iC〉
)
|dB〉
= TrC(ρ)|d
B〉
=
(
∑
i
|ψAid〉|i
B〉
)
〈ψAdd|
= 〈dC|ψ〉〈ψAdd|.
Moreover,
〈dC|ρ|dC〉 ≥ 〈dC|ψ〉〈ψ|dC〉.
Since TrB
(
〈dC|ρ|dC〉
)
= TrB
(
〈dC|ψ〉〈ψ|dC〉
)
, we have
〈dC|ρ|dC〉 = 〈dC|ψ〉〈ψ|dC〉. Recall that P1 = |d
C〉〈dC|, we
have
P1ρP1 = |d
C〉〈dC|ψ〉〈ψ|dC〉〈dC| = P1|ψ〉〈ψ|P1.
Up to now, we have finished the proof of the first part of The-
orem 1.
Consider the operator P2ρP2. For every i < d, we have
〈dBiC|ρ|dBiC〉 = 0. By Observation 1, we have ρ|dBiC〉 = 0.
Furthermore, for every 1 ≤ i, j ≤ d, we have
〈dBiC|ρ|dB jC〉 = 0,
i.e., ρ ∈ L
(
Hp ⊗Hd−1 ⊗Hd−1
)
.
Since P2 acts trivially on the second subsystem, we have
TrB (P2ρP2) = TrB (P2|ψ〉〈ψ|P2) . (3.10)
On the other hand,
TrC(P2ρP2)
= TrC(ρ)− 〈d
C|ρ|dC〉
= TrC(|ψ〉〈ψ|)− 〈d
C|ψ〉〈ψ|dC〉
= TrC (P2|ψ〉〈ψ|P2) . (3.11)
Combining (3.10) and (3.11), we conclude that
P2ρP2 ≃ P2|ψ〉〈ψ|P2
and thus the second part of Theorem 1 has been proved.
IV. A GENERIC PURE STATE IN Cp ⊗Cd ⊗Cd IS
(12, 13)-UDA
A. The case of p = 2
Lemma 4. Almost all pure states in C2 ⊗Cd ⊗Cd are UDA.
Proof. Consider the smooth mapping
M : Td × SU(d)× SU(d)×U(1)→ C
2 ⊗ Cd ⊗ Cd
defined as
M
(
|φ〉, U, V, eiθ
)
= eiθ (I2 ⊗U ⊗V) |φ〉. (4.1)
Define
∆1 ≡ C
2 ⊗ Cd ⊗Cd \ M
[
Td × SU(d)× SU(d)×U(1)
]
as the set of states that do not have a triangular form, and
∆2 ≡ ∆× SU(d)× SU(d)×U(1).
Here we recall that
∆ = {|ψ〉 ∈ Td : |ψ〉 is not regular triangular} .
By Lemma 1, the set
∆3 ≡
{
|ψ〉 ∈ C2 ⊗Cd ⊗ Cd : |ψ〉 is not UDA
}
is the subset of ∆1 ∪ M(∆2).
By Lemma 2, ∆1 has measure-zero. Since ∆ has measure-
zero in Td by Lemma 3, we evidently conclude that ∆2 has
measure-zero in Td × SU(d)× SU(d)×U(1). The dimen-
sion of the manifold Td is
d(d + 1)
2
× 2× 2− d − (d− 1) = 2d2 + 1, (4.2)
6and indeed,
dim
(
Td × SU(d)× SU(d)×U(1)
)
= 2d2 + 1 + 2(d2 − 1) + 1
= 4d2 = dim
(
C
2 ⊗Cd ⊗Cd
)
. (4.3)
By Theorem 6.9 in [28], the set M(∆2) has measure-zero in
C2 ⊗ Cd ⊗ Cd. Therefore the set ∆3 ⊆ ∆1 ∪ M(∆2) has
measure-zero in C2 ⊗Cd ⊗Cd.
B. General Case
Theorem 2. For p ≥ 2, almost all pure states in Cp ⊗Cd ⊗
Cd are UDA.
Proof. We have proved the case of p = 2. When p > 2, let
Pij = |i
A〉〈iA|+ |jA〉〈jA|, i 6= j. (4.4)
For a positive semidefinite operator ρ ∈ L
(
Cp ⊗ Cd ⊗ Cd
)
,
we have
TrB
(
PijρPij
)
= Pij TrB (ρ) Pij
and
TrC
(
PijρPij
)
= Pij TrC (ρ) Pij
for all i 6= j.
Since Pij is a full-rank linear mapping from C
p ⊗Cd ⊗Cd
to C2 ⊗ Cd ⊗Cd, the set{
|ψ〉 ∈ Cp ⊗Cd ⊗Cd : Pij|ψ〉 is not UDA for some i, j
}
has measure-zero.
Let |ψ〉 ∈ Cp ⊗ Cd ⊗ Cd be a generic state vector. For
every positive semidefinite operator ρ such that ρ ≃ |ψ〉〈ψ|,
we have
Trr
(
PijρPij
)
= Pij Trr (|ψ〉〈ψ|) Pij, r = B, C. (4.5)
Note that Pij|ψ〉 is UDA. Thus PijρPij = Pij|ψ〉〈ψ|Pij.
We have
〈iA|ρ|jA〉 = 〈iA|PijρPij|j
A〉
= 〈iA|Pij|ψ〉〈ψ|Pij|j
A〉 = 〈iA|ψ〉〈ψ|jA〉,
and
〈iA|ρ|iA〉 = 〈iA|PijρPij|i
A〉
= 〈iA|Pij|ψ〉〈ψ|Pij|i
A〉1 = 〈i
A|ψ〉〈ψ|iA〉
for all i 6= j. Thus, ρ = |ψ〉〈ψ|.
Corollary 2. LetH ≡ H1 ⊗ . . .⊗HN be an N-qudit system,
where Hi ∼= C
d. A generic pure state in H can be uniquely
determined by only 2 of its ⌈N+12 ⌉-body RDMs.
Proof. Take m = ⌊N−12 ⌋, and split the whole Hilbert space
into 3 parts,
HA = H1 ⊗ . . .⊗HN−2m
HB = HN−2m+1 ⊗ . . .⊗HN−m,
HC = HN−m+1 ⊗ . . .⊗HN .
Then H can be considered as a three-body system HA ⊗
HB ⊗HC, with dim (HB) = dim (HC). By theorem 2, a
generic pure state |ψ〉 in H can be uniquely determined by
TrB (|ψ〉〈ψ|) and TrC (|ψ〉〈ψ|), that are 2 of its ⌈
N+1
2 ⌉-body
RDMs.
We have proved that a generic N-qudit state is UDA by
2 of its ⌈N+12 ⌉-body RDMs. Indeed, if we need to recon-
struct a generic N-qudit pure state via local measurements,
2× d2⌈
N+1
2 ⌉ = O(dN) local measurements are sufficient.
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